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Abstract. We show that strictly convex surfaces contracting with normal 
velocity equal to \A\'^ shrink to a point in finite time. After appropriate rescal- 
ing, they converge to spheres. We describe our algorithm to find the main test 
function. 
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1. Introduction 

We consider closed strictly convex surfaces Alt in that contract with normal 
velocity equal to the square of the norm of the second fundamental form 

(1.1) lx = -|A|V 

This is a parabolic flow equation. We obtain a solution on a maximal time interval 
[0, T), < T < oo. For t 1 T, the surfaces converge to a point. After appropriate 
rescaling, they converge to a round sphere. We say that the surfaces Mt converge 
to a "round point". The key step in the proof, Theorem 3.3, is to show that 

•(Ai + A2)(Ai-A2)2^ 



(1.2) max , , , 

Mt V ^1^2 

is non-increasing in time. 
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Here, we used standard notation as explained in Section 2. 
Our main theorem is 

Theorem 1.1. For any smooth closed strictly convex surface M in R^, there exists 
a smooth family of surfaces Mt, t e [0,T), solving (1.1) with Mq = M. For t 1 T, 
Mf converges to a point Q. The rescaled surfaces {Mt — Q) ■ (6(T — converge 
smoothly to the unit sphere S^. 

Wc will also consider other normal velocities for which similar results hold. 
Therefore, we have to find quantities like (1.2) that are monotone during the flow 
and vanish precisely for spheres. In general, this is a complicated issue. In order 
to find these test quantities, we used an algorithm that checks, based on random- 
ized tests, whether possible candidates fulfill certain inequalities. These inequalities 
guarantee especially that we can apply the maximum principle to prove monoto- 
nicity. Wc used that algorithm only to propose useful quantities. The presented 
proofs do not depend on it. So far, all candidates turned out to be appropriate 
for proving convergence to a round point. Our algorithm yields also candidates for 
many other normal velocities. Wc have only included a discussion of some inter- 
esting normal velocities. Moreover, for a fixed normal velocity, there are mostly 
several candidates for monotone quantities. In these cases, we have picked those 
involving not too complicated polynomials of low homogeneity. 

In Table 1, we have collected some normal velocities F {1^^ column) and quan- 
tities w {2^'^ column) such that maxMt w is non- increasing in time for surfaces 
contracting with normal velocity F. In each case, we obtain convergence to round 
points for smooth closed strictly convex initial surfaces Mq. 

In [5-7,21], Gerhard Huisken and Ben Andrews proved that convex hypersur- 
faccs contracting with certain normal velocities homogeneous of degree one converge 
to "round points", i.e., they converge to a point and, after appropriate rescaling, 
to round spheres. For homogeneities larger than one, this was shown by Ben An- 
drews and Felix Schulzc [5, 31], if the initial hypersurfaces are pinched appropriately. 
Raising Tso proved that Gaui3 curvature flow shrinks strictly convex hypersurfaces 
to points [36]. If the homogeneity is less than one, there are examples by Koichi 
Anada, Masayoshi Tsutsumi, and Ben Andrews, where hypersurfaces do not become 
spherical [2,3, 13]. Expanding flows were studied by Glaus Gerhardt, John Urbas, 
Bennett Chow, Dong-Ho Tsai, Nina Ivochkina, Thomas Nehring, Friedrich Tomi, 
Knut Smoczyk. Gerhard Huisken, and Tom Ilmanen [15,17,23,25,32,33,37,38]. 
Similar problems were also studied in manifolds (e. g. [8, 9, 22]) and for anisotropic 
flow equations (e. g. [11]). It is often required that the normal velocity is a concave 
function of the second fundamental form. There arc many papers, concerned with 
contracting curves, e.g. by Michael Gage, Richard Hamilton, Matthew Grayson, 
and Steven Altschuler [1, 16, 18]. 

In [12], Ben Andrews shows that convex surfaces moving by Gaufi curvature 
converge to round points. This normal velocity is homogeneous of degree two in 
the principal curvatures. He does not require any pinching condition for the initial 
surface. Our paper extends this result to other flow equations. Wc consider also 
normal velocities of degree larger than one and do not have to impose any pinching 
condition on the initial surface. Any smooth strictly convex surface converges to a 
round point. 

The rest of this paper is organized as follows. In Section 2, we explain our 
notation. Section 3 concerns the proof for the normal velocity \ A'\^. We describe our 
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(Ai + A2)(Ai-A2)' 


K [12] 


(Al - A2)2 




(Ai+A2j''(Ai-A2)2 

fA? + Xn) Al Ao 
^/\l ^2/ ^1^2 




(A? + A1A2 + A^) (Al + A2)'(Ai - A2)' 




(A? + A1A2 + A^) (Al + A2)^(Ai - A2)' 
Al A2 


< /? < 5 


(Ai + A2)(Ai-A2)' 
Al A2 




/o\2 1 o\ \ 1 o\2\ /\ \ \2 

(3Ai + 2A1A2 + 6X2) (Al - A2) 
Al A2 


tr A", 
a = 2, 4, 5, 6 


(Ar'+Ar') (Ai + A2)(Ai-A2)2 
A1A2 


H\A\^ 


(Ai + A2f (Ai-Aaf 
A1A2 


\Af 


{Xt + 2x1X2 + 4X1X1 + 2XiXl + A^) (Al - Xif 


(Al + A2)AiA2 



Table 1. Monotone quantities 



algorithm to find test quantities in Section 4. In the remaining sections, we prove 
convergence for some other normal velocities and discuss the expected convergence 
rate. 

The author wants to thank Shing-Tung Yau at Harvard, the Alexander von 
Humboldt foundation, Jiirgen Jost at the Max Planck Institute in Leipzig and 
Klaus Ecker at the Free University Berlin for discussions and support. We also 
want to thank .lohn Stalker for telling us about Sturm's theorem, Felix Schulzc 
for discussing the convergence proof of [12] and Olaf Schniirer for pointing out an 
appropriate basis. Kashif Rasul told us useful C-compiler options. 

2. Notation 

We use X = X{x, t) to denote the embedding vector of a manifold Mj into 
and = X for its total time derivative. It is convenient to identify Mf and its 
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embedding in R^. We choose v to be the outer unit normal vector to Mt- The 
embedding induces a metric (g^) and a second fundamental form (ft-y ). We use 
the Einstein summation convention. Indices are raised and lowered with respect 
to the metric or its inverse The inverse of the second fundamental form 

is denoted by The principal curvatures Ai, A2 are the eigenvalues of the 

second fundamental form with respect to the induced metric. A surface is called 
strictly convex, if all principal curvatures are strictly positive. We will assume this 
throughout the paper. 

Symmetric functions of the principal curvatures are well-defined, we will use the 
mean curvature iJ = Ai + A2, the square of the norm of the second fundamental 
form I = Ai + A2, tr A*" = Ai + A|, and the Gaufi curvature K = XxX^. We write 
indices, preceded by semi-colons, e.g. /lijjfc, to indicate covariant differentiation 
with respect to the induced metric. It is often convenient to choose coordinate 
systems such that the metric tensor equals the Kronecker delta, gij = and ijiij) 
is diagonal, (/ijj) = diag(Ai, A2), e.g. 

2 

Whenever we use this notation, we will also assume that we have fixed such a 
coordinate system. We will only use Euclidean coordinate systems for so that 
hiy^k is symmetric according to the Codazzi equations. 

A normal velocity F can be considered as a function of (Ai, A2) or (/ijj, g^). We 
set F'-' = , F'-'' = Q^^QY^^^ ■ Note that in coordinate systems with diagonal 

hij and gij = 6ij as mentioned above, F^^ is diagonal. For F = we have 
i^y = 2h'^ = 2Kg^^. 

Recall, see e.g. [21,28,29], that for a hypersurface moving according to = 
—Fu, we have 

(2.1) j^gij=-2Fhij, 

(2.2) j^hij=Fij-Fh^hkj, 

(2.3) |!.«=5^^F;,X«, 

where Greek indices refer to components in the ambient space M.^. In order to 
compute evolution equations, we use the Gaufi equation and the Ricci identity for 
the second fundamental form 

(2-4) Rijki =hikhji - hiihjk, 

(2.5) hik;ij =hik;ji + h%Raiij + hIRakij- 

We will also employ the Gaufi formula and the Weingarten equation 

= -/i,,t." and K«=/ifX"fe. 

For tensors A and B, Aij > Bij means that (Ay — Bij) is positive definite. 
Finally, we use c to denote universal, estimated constants. 
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3. Surfaces Flowing With Speed |Ap 

3.1. Convergence to a Point. It is known, that (1.1) is a parabolic evolution 
equation for strictly convex initial data and that is has a solution on a maximal 
time interval. 

We show that Mt stays uniformly strictly convex. The following lemma is similar 
to results in [7]. 

Lemma 3.1. For a smooth closed strictly convex surface M inR^, flowing accord- 
ing to X = — \A\'^v, the minimum of the principal curvatures is non- decreasing. 

Proof. Consider = hij — egij with e > so small that is positive semi- 
definite for some time to. We wish to show that Mij is positive semi-definite for 
t > to- Combine (2.2), (2.4), and (2.5) to obtain 

- F'^'hij.ki =2tTA'h,j - S\A\''h'^hkj + 2g^^g''hM;ihrs;r 

In the evolution equation for My, we drop the positive definite terms involving 
derivatives of the second fundamental form 

j^Mij - F^'M.j.^M > 2irA''h,j - ^A^'h'thk, + 2e\A\'h,,. 

Let ^ be a zero eigenvalue of with |^| = 1, Mij^^ = hij^^ — sgij^^ =0. So we 
obtain in a point with Mij > 

{2trA^h^j -3\A\'^h'lhkj +2e\A\^h^j)Ce =2etr A^ - 3e'^\A\^ + 2e^\A\^ 

=2etiA^ -e'^\A\^ 
>2£2|A|2-e2|A|2 >0 
and the maximum principle for tensors [14, 19, 20] gives the result. □ 

The next result shows that |Ap stays uniformly bounded as long as Mt encloses 
a ball of fixed positive radius. A similar estimate is used in [36]. 

Lemma 3.2. For a strictly convex solution of (1.1), \A\'^ is uniformly bounded 

|^|2 

in terms of the radius R of an enclosed sphere Bji{xo), maxMo (x-xo,i')--R ' 
maxMo |X — a;o|. More precisely, we have 

( I^P 18 1 

(3.1) supmax|A|^ < max < max \X — xn\ ■ max ^ — , — r > . 

Proof. Wc may assume that Xq = 0. Let a ~ ^R. Then a is a positive lower bound 
for {X, v) — a. Standard computations [21,28,29] yield the evolution equations 

±XP-F'^X%=\A\^U^, 

=2tr^V, 

dt ' ■' 

j^{X, v) - F'^{X, = - 3|A|2 + 2tr v), 

^\A\^-F'i{\A\^).^..=2\A\HvA\ 
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In a critical point of jxTp^' obtain 

± log -idl! F'j ( log — ^^L^ = — (3|A|2 - 2tv A^a) . 

Note that {X, v)—a< maxMo \X\ as a sphere of radius maxMo l-'^l, centered at the 
origin, will enclose any Mt- We only have to prove that we preserve the bound in 
Equation (3.1), when maxMt (x^})^a increases. Then we have < 3|Ap — 2tr^^a 

I4|2 

at a point, where max Mt v)-a ^ attained. This inequality and elementary cal- 
culations for convex surfaces give 



' ' - ^ ' - (|A|2)2 - 2cP 
at such a maximum point and the Lemma follows. □ 

We obtain that the second fundamental form of the surface stays bounded as 
long as Mt encloses some ball. The estimates of Krylov, Safonov, Evans (see also 
[4]), and Schauder imply that the solution stays smooth. Then, similarly as in 
[36] , the positive lower bound on the minimum principal curvature implies that the 
surfaces converge to a point in finite time. 

3.2. A Monotone Qucintity. 

Theorem 3.3. For a family of smooth closed strictly convex surfaces Mt in 
flowing according to X = —\A^v, 

(Ai + A2)(Ai-A2)^ U-{2W-E^) _ 

(3.2) max — — — = max — t-tt^ = maxw 

^ ' 2AiA2 Mt m - |A|2 Mt 

is non-increasing in time. 

An immediate consequence of this theorem is 

Corollary 3.4. The only homothetically shrinking smooth closed strictly convex 
surfaces Mt, solving the flow equation X = ^\A\'^v in K^, are spheres. 

Proof. The quantity (-^i+'^^K^^i — positive homogeneous of degree one in the 
principal curvatures and non-negative. If M is homothetically shrinking. Theorem 
3.3 impHcs that (Ai + A2)(Ai — A2)^ = everywhere. Thus Mt is umbilic and [34, 
Lemma 7.1] implies that Mt is a sphere. □ 

Proof of Theorem 3.3. We combine (2.1), (2.2), (2.4), and (2.5) in order to get the 
following general evolution equation 

^ tr A" - F^^ (tr yl«). =a ^ A^ tr A" + q |^F - ^ F"\}j tr A"'+^ 

(3.3) _J^Y^p..^<.-2-r^rj^2,^^ 

r— i, j, k 

+ a F^^'"'hul■,^hrs■i\^^ 
k, I, r, s, i 
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for solutions to the flow equation 

d 



, X = -Fv. 
dt 



(3.4) ±H - F'^H.,ij = - {\Af)' + 2HtvA^ + 4;^ 



Using (3.3) for F = \A\'^ yields 

d_ 
di 



and 

(3.5) j^\A\^-F'^{\A\^),^..=2\A\HrA\ 

For the reader's convenience, we include the details to obtain (3.4). 

F =\Af = g'^hjkg'^'hu, 
F'i =2h'\ 

= -g"'g''ihi^{-2\A\^Kb) 

+ 9^' (d^n^,. - \A\''h^iK,) by (2.1) and (2.2) 



= (|A|2) + {2h^'hkl■,^, + 2g^^'g''hkl■,^hrs■J) 

= {\A\'f + 2g^=h'^'hu,^,+2Y,hl,, 

= (|^|2)' + 25'^/l'=' {hij,kl + KRaUj + htRaklj) 

+ 2 ^ hfj. by (2.5) and Codazzi 

+ 2g'^h'''hthaih,j - 2g'^h'''hlhajhu 

+ 2g'^h''hfhaihkj - 2g'^h'''h'^hajhki + 2 ^ h^. ^ by (2.4) 

=F'^H,,j - {\A\^)' + 2HtrA^ + '^Y.^l;k- 

For the rest of the proof, we consider a critical point oi w\j^j^ for some t> Q, where 
w; > 0. It suffices to show that w := log to is non- increasing in such a point. Then 
our theorem follows. 
We rewrite w 

w=logH + log {2\Af- H^) - \og{H^ -\Af) 
= log A + log B - log C. 

In a critical point of w, we obtain 
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and 



1 „ 1 .,o „ox 1 



2Af + A1A2 + A2 , 2A2 + A1A2 + -^1 , 

= Ai(A?-Ai) A2(A1-Af) 

So we deduce that 

A2 2Af + A1A2 + A2 , _ , 
= A^2Ai + AiA2 + A?''"^^ = 

and a similar formula holds for /iii;2, /iii;2 = ^2 • ^22; 2- We now combine all these 
results and obtain in a straightforward calculation 

^-^^i-^yH 2\A\^-H^ m-\A\^J \dt 



2 1 
+ 



6 2 



2 



iJ- (2|^|2 



A| + AjA2 + 4AfAi + AiAi + A^ 
(Ai + A2)(Ai-A2)2AiA2 

■[-{\A\-'f + 2HtvA') 



2(Ai -A2)2AiA; 



2 



2m-'trA^ 



_ Af + AjA2 + 4Af A2 + AjAf + A^ ^ 2 
(Ai + A2)(Ai-A2)2AiA2 
A^ +4A1A2 + A| 
^ ^Ai-A2)2AiA2 ^ ' 



(Ai-A2)2(Ai + A2) 
Af + 3AIA2 + 4Af Aj + 9Af Aj - 2Af Aj 
(Ai + A2)(Ai-A2)2AiA2 

9AfA^ + 4AfA| + 3AiA^ + A^ 

(Ai +A2)(Ai - A2)2AiA2 
\l + 2A^A2 + 2Af Aj + 3Af Aj + 3Af A^ + 2X1X1 + 2AiA| + Xl 
(Ai - A2)2AiA2 
X\ + Af A2 + 4Af Aj + AiAj + Aj 

(Ai+A2)(Ai-A2)2AiA2 
• {{l + ^al)-h\^.^^ + {l + Zal)-hl^.^) 

+ • + '^^^^ • '^'^^ ' + + ""'^^ • ^^^^^ ^) 



+ 
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(Ai - A2)2(Ai + A2) 

+ A2(A2 + Aia2)(l +02) • /l22;2) 



(Ai(Ai + A2ai)(l + ai)-/i^i.i 



(Ai + A2) (Ai - A2)' (A? + A1A2 + 2Xlf Af 



O V~ "J- ~ J- ' " J- ' - -1 z ' - - -1 zy ^2 

~ ^ . , X . x2 .,0 . . . . "-''^2^3 "11; 1 

r/^?i;i 



^ (44A?A| + 34A?A^ + 8AiA^ + 3Ai) A2 ^2 
' (Ai + A2) (Ai - A2)' (A? + Ai A2 + 2Ai)' A? 
(5A| - 4A^Ai + 46A6A2 + 48A5Af + 72A|At) Ai 



(A2 + Ai) (A2 - Ai)^ (Ai + A2A1 + 2A2)^ A^ 
^ (44AiAf + 34AiAf + 8A2AI + 3Af ) Ai 

^ 00 lion, o 

(A2 + Ai) (A2 - Ai)' (Ai + A2A1 + 2Af)' Ai ■ 

<0. 

We finally apply the maximum principle and our theorem follows. □ 
3.3. Direct Consequences. We obtain a pinching estimate 

Corollary 3.5. For a smooth closed strictly convex surface Mi in M^, flowing 
according to X = — \A\'^u, there exists c = c{Mq) such that < i < ^ < c. 

Proof. Choose £ > such that Ai, A2 > £ at f = 0. Theorem 3.3 and Lemma 3.1 
imply that 

o. fe~0 = 0. (^1-^2)^ < (Ai + A2)(Ai-A2)^ ^ ^ 

^ A1A2 ~ A1A2 ~ 

A2 

We obtain the upper bound on ^ claimed above. Similarly, we obtain an upper 
bound on 4^. □ 

Let p+ be the minimal radius of enclosing spheres and p_ the maximal radius 
of enclosed spheres. The quotient of these radii can be estimated as follows 

Corollary 3.6. Under the assumptions of Corollary 8.5, p+l P- *s hounded above 
by a constant depending only on the constant c(Mo) in Corollary 3.5. 

Proof. Combine Corollary 3.5, [7, Theorem 5.1], and [7, Lemma 5.4]. □ 

We also obtain a bound for |Ai — A2I 

Corollary 3.7. For a smooth closed strictly convex surface Mt in R^, flowing 
according to X = —\A\^v, there exists a constant c = c(Mo) such that |Ai — A2I < 

c-{\A\^y^^ <c-VH. 

Proof. This is a direct consequence of Theorem 3.3 and Corollary 3.5. □ 

As in [12], this estimate on |Ai — A2I is "better" than scaling invariant. It is 
crucial for the rest of the proof of Theorem 1.1. 

Let us recall a form of the maximum principle for evolving hypersurfaces. 



10 



OLIVER C. SCHNURER 



Lemma 3.8. Let Mt and Mt be two smooth closed strictly convex solutions to (1.1) 
on some time interval [0, T*). If Mq encloses Mq, then Mt encloses Mt for any 
tG [0, T*). 

Proof. This is a standard consequence of the maximum principle. □ 

The next result describes the evohition of spheres. 

r(t)( 

Proof. The evolution equation for the radius of a sphere is 

2 



Lemma 3.9. Spheres dB^(t){xo) solve (1.1) fort€ [0, T) with r{t) = {Q{T-t)Y/^ 
andT= ^r^{0). 



fit) 



□ 



As a consequence, we can estimate the life span of a solution in terms of inner 
and outer radii. 

Lemma 3.10. Let p+{t) and p-(t) be the inner and outer radii of Mt, respectively. 
Assume that Mt is a smooth closed strictly convex solution of (1.1) on a maximal 
time interval [0, T). Then we have for t e [0, T) 

ip3_(t) <T-i < ip^(t). 

Proof. As Mt contracts to a point, we deduce from Lemma 3.8 that T—t is bounded 
below by the life span of dBp_(t) evolving according to (1.1). So the lower bound 
follows from Lemma 3.9. The upper bound is obtained similarly. □ 

3.4. Convergence to a Round Point. We closely follow the corresponding part 
of [12]. 

Proposition 3.11. Define q{t) := ^ J KX. Then 



Mt 



Mt 



< -^•sup|Ai-A2|-H2(M0, 
47r Mt 



where H {Mt) denotes the area of Mt. 
Proof. This is [12, Proposition 4]. □ 

We define r+(t) to be the minimal radius of a sphere, centered at q{t), that 
encloses Mi. Similarly, we define r_{t) to be the maximal radius of a sphere, 

centered at q{t), that is enclosed by Aif 

Lemma 3.12. Under the assumptions of Theorem 1.1, for T — t sufficiently small, 
r+ and r_ are estimated as follows 

r+(t) <(6(T - t))V3 . (i + c . (T - t)i/6) , 

r-{t) >(6(r-t))i/3 . (^i_c. (T-t)!/*^) , 

and 

1 < ^ <l + c- (T-t)^'^. 

T- 
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Proof. Denote the bounded component of M'^ \ Mt by Et. The transformation 
formula for integrals implies that 

1 r .... 1 



An 

M, 

So we see that q{t) G Et. We have 

r_i_ =max(X — q(t), f), r_ =min(X — q(t), v), 

Mt Mt IV /' /' 

0+ = min max (X — p, u), and p_ = maxmin (X — p, v). 

peIRS Mt ^ ' peEt Mt 

Recall the first variation formula for a vector field Y along Mt [24] 



H{Y, v)^ j divM. Y 

Mt Mt 

and get for p & Et such that p+ = maxMt {X — p, v) 

I H>— I H-{X-p,v) = — [divMtX=— [2=—H^{Mt). 
J P+ J P+ J P+ J P+ 

Mt Mt Mt Mt 

We employ Proposition 3.11 and deduce that 

r->j- J H-ll-2(^J^ •sup|Ai-A2|-W'(Mt)| 

>i- J i/.|l-p+.sup|Ai-A2||. 

Mt ' 

We estimate as follows 

p+ • sup |Ai - A2I <c- p+ • (l^p)^^'^ by Corollary 3.7 

Mt 

\ 1/4 



<c • • c H — 5- by Lemma 3.2 

V P-J 

<c-{T-ty/^ 

by Corollary 3.6 and Lemma 3.10 for {T — t) small. So we obtain 

(3.6) r._(0>^/ H.{l-c-{T-tf/^). 

Mt 

Similar calculations yield 

(3.7) r.+ (0<^y H.{l + c.{T-tfl^). 

Mt 

We employ Lemma 3.10 

r-<p-< (6(r - t)f/^ < p+<r+ 
and obtain for (T — t) small 

(6(r - t))i/3 . (^1 _ c . (T - J H< (6(T - t))i/3 . (^1 + c • (T - t)^/^^ . 

Mt 
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Using (3.6) and (3.7) gives the claimed estimates on r_ and r+, and r+/r_ is 
bounded as stated above. □ 

Corollary 3.13. Under the assumptions of Theorem 1.1, we have the estimate 

\q{t)-Q\<c-{T-ty/^+'/^. 

Therefore, we obtain the same estimates as in Lemma 3.12, if we define r+ and r_ 

using Q instead of q{t). 

Proof Fix to e [0, T). A sphere of radius (6(T-io))^/^ (l + c{T - fo)^/®) , centered 
at q{to) as defined in Proposition 3.11, wiU enclose Mt for all to < t <T. Thus its 
radius at time t = T is an upper bound for \q{to) — Q\. According to Lemma 3.9, 
the radius of that sphere evolves as follows 

r{t)=^6 (lr'{0)-{t-to)jy\ 

Therefore, we get 

\q{to) - Q\ <r{T) 

= {q Q6(T - to) (l + c(r - to)'/')' - (T - to)) ) 

= {&{T-to))'r-^-((l + c{T-to)^'^) -ij 



<[Q{T-to))^/^-c-{T-to)^/\ 



□ 



Next, we want to check, that we can apply a Harnack inequality [10, Theorem 
5.17]. For F = F{\), A, > 0, we define 

$(Ki) := -F («-i) . 

We say that $ is a-concave, if $ = sgna • B" for some B, where B is positive and 
concave. The function $ is called the dual function to F. 

Lemma 3.14. The dual function to F = \ A\'^ = + A2 is a-concave for a < —2. 
Proof. We define for A, > 

^ ^.x X ^ M 2i^-F2 2det/i}-(tr/ij)' 

$ = $(A,) = <^{h,,, gi,) = -[ + ]= = ] 



K K) (det/ij.)^ 



and obtain 



$y = 



dhij 



According to [10, (5.4)], it suffices to show that 

(3.8) ^'''^%m < 
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for symmetric matrices (riij). Terms involving 7712 clearly have the right sign. The 
remaining terms are a quadratic form in {r]n, ??22)- Thus (3.8) is fulfilled, if 




2H 



or equivalently 

-6(A? + Ai)ff '^<-^''-'f ^ 



" \A1A2 




As < 4 for a < —2, wc obtain that $ is a-concave. □ 

Wc arc now able to improve our velocity bounds. 
Lemma 3.15. Under the assumptions of Theorem 1.1, we obtain 
2(6(r-t))-2/3 . (1 - c • (T - < l^p < 2(6(T-i))-2/3. (1 + c • (T - tf'^'^^ 

everywhere on Mt for {T — t) sufficiently small. 

Proof. We may assume that T — t > is so small that we can use the results 
obtained before. Parameterize by §^ such that the normal image of at 
X{z, t) equals ^ e S^. Let us define the support function s of as 

s{z, t) := {X{z, t), z). 

Its evolution equation, see e.g. [10], is 

(3.9) ^^s{z,t) = -\A\\z,t). 

The a-concavity proved in Lemma 3.14 allows us to use [10, Theorem 5.17]. We 
obtain ior Q < t\ < t2 < T and z G S^, for two points {z, ti) and {z, t2) with the 
same normal, 

(3.10) ffl^>r^V'' 



\A\-'{z,ti) - \t2j ■ 

Let us assiune that q{t) is the origin for some fixed time t. As Mt lies between 
9Br_f_(t){0) and ^^^ (^^(O), Mj+t- lies outside B^^^ 1/3(0) for any < r < T—t, 

so 

(3.11) r_{t) < s{-,t) <r+{t) and {r^^ - Gt)^^^ < s{-, t + t). 

Setr = r!/^(f)-(r+(f)-r_(t))i/2 and observe that f+r < T, if (r+-r_)i/2 < ir^^ 
(by Lemma 3.10), or, if T — t is sufficiently small (by Lemma 3.12). We estimate 

\A\\z, t) < ^ mf ^ I . \A\\z, t + f)\ by (3.10) 
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2/3 *+'^ 



t 

<(l + Ly^\^. ^s{z, t) - s{z, t + r)) by (3.9) 

< (l + ^) • i • (r+(t) - {r^_{t) - 6rf') by (3.11) 



1 + f 



,1/2 

^2 



, l/2\ 



The maximal existence time T is bounded below in terms of the radius of a sphere 
enclosed by Mq. So we may also assume that t is bounded below by a positive 
constant. A very crude estimate gives 

T < ■ r]^^ < rl < c- {T - t), 



so we obtain 

< (6(T - i))-2/3 .(i + c.{T- t)V6^ . 



1+t 



Observe that for < i, we have 

-{I - x^/^ < -1 + + ^x^ and {1 + x)^^^ > 1 + ^x - ^x^. 
We conclude for small (T — f) 

1/2N 



\Af{z, t) <(6(T - t))-2/3 . (^1 + c • (T - i) . + 
<2 • (6(T - t))-2/3 . (l + c . (T - i)i/^2 j . 



13.(^-1 



For the lower bound on \A\'^, we proceed similarly and use r = r^_l'^{t) ■ {r+{t) — 
{rl_ + QtY'^ < s{z, t - t) and s{z, t) < r+{t). 

□ 

We have the following estimate for the principal curvatures 
Lemma 3.16. Under the assumptions of Theorem 1.1, we obtain 
(6(T-i))-i/3-(l-c - (T-i)i/i2) < Ai, A2 < (6(T-i))-i/3-(l + c- (T-i)i/i2) 
on Mt for small {T -t). 
Proof As = 2\A\^ - (Ai - Mf, we obtain 

Ai =|(Ai + A2) + i(Ai-A2) 

(3.12) ] . : ' 

=iV2m2-(Ai-A2)2 + i(Ai-A2). 

Combining Lemmata 3.7 and 3.15, we get |Ai — A2I < c- {T—t)^^/^. We use Lemma 
3.15 and (3.12). The claimed inequality follows. □ 
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Proof of Theorem 1.1: Lemma 3.16 implies, that, everywhere on Mt, the quotient 
A1/A2 tends to 1 as t t ^- Then we can apply known results, see e. g. [5, Theorem 
2], to conclude that the rescaled surfaces converge smoothly to the unit sphere 
§2 c R^. □ 

A standard way of rescaling [7] is to consider the cmbcddings X{-, t), 

X{z, t) := (6(r-t))-i/3(x(z, t)-Q) 

with Q as in Theorem 1.1. Define the time function r(t) := g logT — i log(r — t). 
Then we have, using suggestive notation, the following evolution equation 



A 



2 



V + 2X 



and our a priori estimates imply, that, for r ^ 00, converges exponentially to 

S2 



4. Finding Monotone Quantities 

4.1. The Algorithm. We use a sieve algorithm and start with symmetric rational 
functions of the principal curvatures as candidates for test functions, e. g. 

^.^ Pi(Ai, A2) ^ (Ai + A2)(Ai-A2)' 

P2(Al, A2) A1A2 

Here, Pi 7^ and P2 7^ are homogeneous polynomials. 

In the end, we want to find functions w such that W := sup^^ w is monotone 
and ensures convergence to round spheres. 

We check, whether these test functions w fulfill the following conditions. 

(1) (a) pi(Ai, A2), P2(Ai, A2) > for < Ai, A2, 
(b) pi(Ai, A2) = Ofor Ai=A2>0. 

(2) degpi > degj32- 

(3) ^^^^ < for < A2 < 1 and ^^^^^ > for A2 > 1. 

(4) f^w-F'iw,^, < 

(a) for terms without derivatives of (hij), 

(b) for terms involving derivatives of (/ly), if W; , = for i = 1, 2. 

4.2. Motivation and Randomized Tests. We restrict our attention to non- 
negative polynomials pi. For all flow equations considered, spheres contract to 
points and stay spherical. So we can only find monotone quantities, if degpi < 
degp2 or pi{X, A) = 0. 

If degpi < degj?2, we obtain that W is decreasing on any self-similar ly shrinking 
surface. So this does not imply convergence to a sphere. The counterexamples 
in [5] show for normal velocities of homogeneity larger than 1, that the pinching 
ratio supji^^ A2/A1 (for A2 > Ai) will increase during the fiow for appropriate initial 
surfaces. Therefore, we require in step (2), that degpi > degp2- 

Condition (3) ensures that the quantity decreases, if the eigenvalues approach 
each other. This excludes especially local zeroes of w(l, A2) for A2 7^ 1. 

In all these steps, inequalities are tested by evaluating both sides at random 
numbers. If an inequality is not violated for sufficiently many tuples of random 
numbers, we move to the next step and keep the candidate, otherwise we start with 
another candidate. 
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The hard part is to test, whether -^w — F^^w-ij < holds at a point, where 
w-i = 0. 

We assume in step (4a), that hij-k = 0. Recah the algebraic fact, that all prod- 
ucts of H and of given homogeneity form a basis for the symmetric homoge- 
neous polynomials of that degree. We represent the polynomials pi in this basis. At 
random values for Ai, A2, we compute -f^H-F'^ H..^ and (jAp) This 

can be combined according to the rules of differentiation and yields -^w — F^^w- ij, 
evaluated at these numbers. 

If not all components of hij. k vanish (step (4b)), we also have to choose random 
numbers for hij- k that fulfill the extremal condition W; » = 0. As above, we evaluate 
— F^^w-ij at the random numbers chosen. Here we can ignore all terms that 
do not contain derivatives of the second fundamental form. The evaluation of the 
remaining terms is more involved than in the last step, but can be done similarly 
according to the various rules of differentiation. 

Now we iterate steps (4a) and (4b). If all tests yield j-^tu — F^Hv- ^j < at critical 
points of w, it seems likely that we have found an appropriate test quantity. Indeed, 
if this inequality is fulfilled, the maximum principle implies that W = max^t w is 
non-increasing in time. 

We implemented this algorithm in a C-program and used it to find all the new 
test functions of this paper. 

Obviously, the computing time depends on the number of tests performed. The 
following computing times are measured for the quantity (3.2) on an Intel Pentium 
4, 2.4 GHz, running Linux 2.4.24 and GNU C-compiler 2.95.4. The number of tests 
per second for step (4a) is 1.6 • 10^ and 5.8 • 10^ for step (4b). The other steps are 
comparable to step (4a). In steps (1) to (3), the calculations do not depend on the 
normal velocity. 

It seems worth noting, that, after testing with enough random numbers in an 
appropriate range, every candidate for a monotone quantity that we checked, turned 
out to be a useful test quantity. In that sense, algorithm and program seem to be 
correct. 

We are convinced that it is possible to implement this algorithm for surfaces 
without using random numbers. Evolution equations can be computed algebraically 
and Sturm's algorithm can be used to test for non-negativity. 

We expect that similar algorithms will be used to find (monotone) test functions 
for other (geometric) problems. 

5. if^-FLOW 

In this and the following sections, we will consider strictly convex surfaces con- 
tracting according to -^X = —Fv for several normal velocities F. We will not 
repeat parts of the argument that are very similar to the respective parts in the 
proof for F — 

As the theorems for these flow equations agree essentially with Theorem 1.1, we 
will state them in concise form as follows. 

Theorem 5.1. A smooth closed strictly convex surface in M.^, contracting with 
normal velocity H^, converges to a round point in finite time. 

5.1. A Monotone Quantity. 
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Theorem 5.2. For a family of smooth closed strictly convex surfaces Mt 
flowing according to = —H^u, 



max 

Mt 



{Xl + A1A2 + Ai) (Ai + \2f{\i - \2f 



is non-increasing in time. 
Proof. We compute 



dt 



dt ''^ 
\A\^-F'^{\A\^),.. 



2(A?-AiA2 + Ai)AiA2 



w = log 



= log 



In a critical point of w), we obtain 



F=H^, 
F'i =3H^g'^, 

- 6H^ ^ h^j. + 12H ^ Afe/ij,; khjj- k, 

' (A? + A1A2 + Ai) (Ai + A2)2(Ai - A2)2 



2 — A1A2 + A2) A1A2 
-H'' + \A\^H^ + 2 {\A\^f 

-iJ4+4|^|2JJ2_3(|^|2)2 I 



_A2 3A^ ~ 2Af A2 + 4Af Aj + 4AjA^ + 4Af A| - 2AiA^ + A^ 
^^'^ ~A^ ' 3A^ - 2AiAi + 4A|Af + 4AiA? + 4AiAf - 2A2Af + Xf 



-He + \A[^H^ + 2{\A\^y^H^ 



-4H-*+S\A\^H 



+ 



+ 



+ 



-H*+4\A\^H^-3{\A\^y 

\A\^H^ + mY,hu-khjr,k) 



-H6 + m2H4+2(|AP)^H2 -H4+4|Apfi-2-3(|AP)^ 

&{\A\''f -AHHvA" 
-6H^ ^ h^. + 12i7 ^ Afc/iii; khjr, k) 

-30H* + l2\A\^H^+4[\A\^y 



■) 



-iJ6 + |ApH4+2(|A|2)^iJ2 



-12H^+8\A\-' 



_f/6 + |A|2if4+2(|A|2)^_ff2 -_f/4+4|A|2i/2-3(|AP)2 

^ ^ XiXjhii-^ khjj- k 
4:H^+8H\A\'^ 



8H 



m + \A\^H*+2{\A\^fH^ -H*+4,\A\^H2-3{\A\^y 

-6H^ ^(Aj + Xj)hu- khjj- k^ 



) 
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(Ai+A2)2A?Ai 



12 



(A? - A1A2 + \l) (Af + A1A2 + XI) 
12(Ai + A2)4A2 



(Af - 2Af A2 + ^X\\l + 4Af Ai + 4A2A| - 2AiA| + 3A^) 
1 

' (A? - A1A2 + Ai) (A? + A1A2 + \l) (Ai - \2y\l ■ 
• (2Al^ - 10Al^A2 + IQX\^\1 + 42APAi - ISSAj^A^ 

+274Ai^A| - 272Aj°A^ + 258A?A^ - 144Af A| + 262AIa| 
-im\\xf + 98A^A^^ + 6A^A^2 - 20A?A^^ + 14A?A^^ 



22; 2 



<0. 



We applied Sturm's algorithm [35] to obtain the last inequality. 

Here and in the rest of the paper, we have sometimes used a computer algebra 
program for the calculations involving longer polynomials. Moreover, we use (. . .) 
in (...)• /i22-2 to abbreviate terms that are, up to interchanging Ai and A2, equal 
to the respective factors in front oih\i. i. 

We have applied the following two identities in order to rewrite terms involving 
derivatives of the second fundamental form 

K'^j^k^ij; k = ('^l '^l ''^l + '^l -^2 -^2Q'l + ^^2 '^l -^2°'l + -^2 -^2 '^l"?) ' /^ll; 1 
+ (•••) -^22; 2, 

^ XfX'^Xlhu; kh,r, = (A? + A>i) (a^ + A^ai) Xlhl^. i + (...) • hl^,^- 
They hold for all a, /3, 7 e M. □ 



5.2. Velocity Bounds. The following lemma is known, see [30]. Nevertheless, we 
include it, as we will use some of the calculations of its proof later on. 

Lemma 5.3. For a family of smooth closed strictly convex surfaces Mt C M^, 
< t < T, flowing according to = —Fv with F = H", a > 1, a positive 
lower bound on the principal curvatures, Xi, X2 > s > 0, is preserved during the 
evolution. 



— /ly — F^^hij-ki =F^^h1hai ■ hij — F^^'hki ■ h^haj 

— Fh'^hhi + F'''"' ^^hkl: ihr 



Proof. Combining (2.2), (2.4), and (2.5) yields 
d_ 
'di' 

-^-''hk.+r-^^-^aki.inrs,,. 
We wish to apply the maximum principle for tensors [14, 19, 20]. So we define 

Mij = hij ^gij , 

use (2.1) and obtain 

j^Mij - F''^Mij,ki =F^^hlhai ■ hij - F^^hkihthaj - Fh^hkj 
+ P'^^'^^hki-ihrs-j + 2sFhij. 
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We now specialize to the normal velocity F — H" . It is easy to see that 

We have to test the zero eigenvalue condition. Assume that ^ is a zero eigenvalue 
of {Mij), hij^^ = sgijS,^ , with gijC^,'' = 1- We may assume, that in our coordinate 
system, we have ^ = (1, 0) and (/ly) = (o a) with A > e > 0. Direct calculations 
yield 

^Mij - F'^'Mij. ki^ >aH°'-^\A\'^e - aH'^e'^ - H^e"^ + 2eH°'e 

=H"-'^ {aeX{X - e) + + e'^X) > 0. 
The lemma follows from the maximum principle. □ 

The next lemma appears also in [30]. Once again, we will use the following 
calculations later on. 

Lemma 5.4. For a family of closed smooth strictly convex surfaces Mi C M.^, 
< t <T, flowing according to -^X = —Fv with F = i?^, /? > 0, the velocity F is 
hounded as in Lemma 3.2, in terms of (3, the initial data, and the radius R of an 
enclosed sphere. 

Proof. We proceed as in Lemma 3.2, use a = and obtain, see e. g. [27, Lemma 
5.4], '[29], 

dF 



- F'^hl 



dg, 



kl 



±F-r^F,,j=Fr'h'^hk,, 

^X" - = {-F + F'^hij) 

- F'^,." . =F'^h^hkji^", 

j^{X, v) - F'^X, u),..=-F- F'^h,, + F'^h'^hkjiX, v), 

^ 1 
log 



dt \ {X, v) — OL 

-F'^ flog f — 4 \ \ =7T^4 + ^''^^i - . 

So far. we did not use the fact, that F = H^. In an increasing maximum of ^)-a ' 
we get the inequality F + F^^hij — aF^^h^hkj > and deduce there 

Our Lemma follows. □ 
5.3. Concavity. 

Lemma 5.5. The dual function to F — H", a > 0, defined before Lemma 3.14, is 
—a-concave. 
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Proof. We use the same notation as before and obtain 



We have to prove that 



or 



< - (a + 1) 



aH 




A?)+("-l)(l 1 



— + - 

A2 




□ 



5.4. Some Constants. We wish to obtain precise bounds on the normal velocity 
F near t = T. This proof is almost identical for all our test functions in Table 1 
with a factor A1A2 in the denominator. So it seems appropriate to state this proof 
only once with appropriate constants depending on the normal velocity and the 
test function. These constants are 

• Ch'- the homogeneity of F in terms of the principal curvatures. 

• ci: the value of F at Ai = A2 = 1. 

• Cc,: a positive constant, such that the dual fimction to F, defined before 
Lemma 3.14, is a — c^-concave function. It turns out, that, for all flows 
considered here, we can choose = Ch- 

• Cd' & constant depending on the difference of the degrees of the numerator 
dn and the denominator dd of the test function w, Cd ■= 5(2 — dn + dd)- 



This constant is defined such that 



(5.1) 



IA1-A2I <c-H'''' 



for a pinched surface for which maxM^ w is non-increasing. 

For the flow equations considered here, these constants are as in Table 2. We 

assume there that a > 2 and /9 > 0. 

It is important for us that Cd < 1 as it implies that Inequality (5.1) is not scaling 
invariant. 
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F 










H\A\^ 




\A\^+pH^ 


<l, 


(\ 


2 


;] 


4 


?, 


4 


2 


Cl 


2 


4 


8 


16 


4 


4 


2 + 4/3 




a 


2 


3 


4 


3 


4 


2 


Cd 


i(3-a) 


1 

2 





-2 





1 

2 


1 

2 




a-l 


1 


1 


3 


1 


3 


1 


1 + Ch 


2(a+l) 


6 


4 


5 


4 


10 


6 



Table 2. Some constants 



5.5. Pinching. We show that our surfaces are pinched during the evolution, i.e. 
that there exists a constant c > 0, depending on our test quantity, especially on the 
upper bound for it, and on the positive lower bound for the principal curvatures, 

£, such that 

< - < 4^ < c for i, 7 e {1, 2}. 

c Aj 

The following proof does not apply directly to the case F = K considered in 
[12], but the result is also true in that case. 

By direct inspection, we see that all our test quantities w are such that w- ^^^^^^^p 
is bounded below by a positive constant, depending especially on s. So we see that 



f A1A2 



Thus ^ is bounded above and the surface is pinched. 

5.6. Evolution of Spheres. The radius of contracting spheres fulfills the ordinary 
differential equation 

A solution is given by 



r(0 = (ci-(l + Ch)-(T-t))i+c., 
so that inner and outer radii are related to the life span T — t of Mt as follows 



p_ < (ci • (1 + Ch) ■ (T - t)) i+c^ < p+{t). 

5.7. Bounds for Radii. In order to prove bounds for the radii + and r_, we 
proceed as in the proof of Lemma 3.12 and use |Ai — A2I < c • H'^'' 



Mt 

For each F in Table 2, there exists Ci? > such that 



< —H < F^l"^ < cpH, 

Cf 
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SO we can apply the variants of Lemma 3.2 for other curvature functions. For t 
close to T, we get 



r_ > 



Mt 



and similarly, we obtain 



l-Cd 



r+<- / iJ.<il+c-(T-i)i+c. }. 



Mt 



Then we get for small T — t 



(ci • (1 + c„) • (T - t)) 1+^'. • <^ 1 - c • (T - i) ^ < 



1 — Cd 

c-{T-t) 



< if<(ci-(l + c,,)-(T-t))i+c. + 

Mt 

r_ >(ci-(l + c,,)-(T-t))i+c^ •n-c-(T-t)i+c^ J 



r+ <(ci • (1 + c?,) • (T - 0) 1+^" -U + c-iT-t) 



and 



1 <^ < 1 + c- (T-i)i+ch. 



5.8. Precise Velocity Bounds. We use the notation of Lemma 3.15. The Har- 
nack inequality [10, Theorem 5.17] implies for t2 > h > 



F{Z, t2) ^ (ti\ 1+c 



F{z, ti) - \t2 
Note that spheres evolve such that we get 



{r-{ty+^^ - ci(l + Ch)T) i+c/. < s{; t + r). 



We set 



and get 



F{z, t) <- 



1 + c- {T-t) 



r+jt) 
r-{t) 



1/2 



V 

Use for < X < c{ch) 



r-it) 



- 1 - Ci • (1 + Cft) 



r-it) 



l/2\ 1 + CH 



-(1 - a;) < -1 + x + x^. 
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We get 

<Ci • (Ci • (1 + Cft) • (T - t)) h+C- (r-t)2 1+ChJ 

and a similar lower bound follows. 

5.9. Convergence of Principal Curvatures. We consider F = H" and obtain 

Ai =i(Ai + A2) + i(Ai-A2) 
=iFi/" + i(Ai-A2) 

<(2" • (1 + a) • (T-t)) i+" • ( 1 + c- (r-i)2 i+a J . 
A similar lower bound is proved analogously. Theorem 5.1 follows. 

6. H^-Flow 

Theorem 6.1. A smooth closed strictly convex surface in M^, contracting with 
normal velocity H'^, converges to a round point in finite time. 

Theorem 6.2. For a family of smooth closed strictly convex surfaces in M^, 
flowing according to = —H'^v, 

(Ai + A2)3(Ai - 
max- 



m: 2(A? + Ai)AiA2 
is non-increasing in time. 

Proof. We set 

_ (Ai + A2)^(Ai - A2)^ _ (2|^P - H^) 
2(A2 + Ai)AiA2 (//2 _ |^|2) ■ 

In a critical point oiw, we get, based on computer algebra calculations, 
^u. - F^^w.,, = - 2(Ai+A2)^(Ai-A2W2 



(Ai + A2)^ 



(A? + Ai)' {Xi - A?A2 + 7A?Ai - AiAi + 2A|)' Af 
• (5AP - 24Al^A2 + 112Al°Ai - 164A?Ai + 529Af A| 
-448A[A^ + 952A?A^ - 312Af A^ + 391Af A^ - 72Af A^ 
+56Af A^o - 4Ai All ^ 3^12) . ^2^^ ^ + (...) . h^^. 2 

<0. 

We apply the maximum principle. Our claim follows. □ 
Theorem 6.1 follows. 
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7. H^-Flow 

Theorem 7.1. A smooth closed strictly convex surface in M!^, contracting with 
normal velocity H^, converges to a round point in finite time. 

Theorem 7.2. For a family of smooth closed strictly convex surfaces Mt in Ml^, 
flowing according to = —H^u, 

(A? + A1A2 + \l) (Ai + A2)'^(Ai - \2f 

max - 



"Mt' 2AfA| 
^5 non-increasing in time. 
Proof. We proceed as above. 



F=H\ 



■ _ijl0 + ij8|^|2^2i76(|A|2) 



kl 

2 ^ 



w =log 
= log 



i?4_2ij2|A|2 + (|A|2)2 j 

{\\ + A1A2 + Ai) (Ai + A2)6(Ai - X^f 



2Af A2 



In a critical point of w, we get 

/i22; 1 =ai/ill; 1 

A2 8At + 3A?A2 + 2Af Ai - 3AiAi + 2A| ^ 



Ai 8A| + 3AiAi + 2AiAf - SAsA? + 2Af 



dt 



- 8H^ (1 + 3al) ■ hl^. 1 + 2'iH^\{l + a^f ■ hl^. i 

+ (...)• /li2; 2- 



-F'^H.iH.j 
-F'^({\A\^)..H.j + {\Af),.H,,) 

-F'^{\A\-')..{\Af).. 



-4H^il + aif-hl,., + {...)-hl2.2, 
-16if3(Ai + A2ai)(l + ai)-/ifi.i 

+ (...)• /l22;2) 

- 16H^{Xi + Maif ■ hl^. 1 + (...) • 4 
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.. f-10H^ + 8H'\A\^ + 12HmA\^Y 

— VJ — UJ ■ = I — 

~7?4-2i72m2 + (|^|2)2j ■ 

dt ''^ 



+ 



+ 



-HW + m\A\'^ + 2m {\A\^y m - 2m\A\'^ + {\A\' 

90ij8 + 56ij6|^|2 ^ go^4 ^|^|2^2 

-iJl0 + iJ8|^|2 + 27?6(|A|2)2 

12g2-4|^|2 \ 
~if4_2iy2|^|2_^(|^|2)2 j ■ 

• {-F'^H,iH.j) 

( m'^ + 2AH^\A\'^ -AH 



y-iJlO + iJ-8m2 + 2m {\A\'^f m - 2i?2|^|2 + {\A\'^f ) 

.{-F'^{H,M\-i+H;M\-i)) 

( 2 \ 

^ + m\A\^ + 2m (|^|2)2 ~ m - 2m\A\'^ + {\A\^f ) ' 

■ {-F'^A\^,\A\^.) 
_ -3(Ai^A2)^(Ai+A2fAiA2 

A2 + A1A2 + A2 

4A2(Ai + A2)^ 

A?(A? + AiA2 + Ai)(Ai-A2)2' 
1 

■ (2Af - SAfAa + 2A2A2 + 3AiA2 + 8A4)2 ' 

• (4A}° + 202A5'A2 - 447A®A2 + SOOA^A^ - 16A^A^ + 696Af A^ 
-511Af A^ + 161A?A^ - 78A?A| + 4AiA| + 40A^°) • hj^. 1 

+ (...)-/l22;2 

<0. 

Here we used once more a computer algebra system and Sturm's theorem to obtain 
the last inequality. □ 



Theorem 7.1 follows. 
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8. + /3ij2_FLOW 

Theorem 8.1. A smooth closed strictly convex surface in M.'^ , contracting with 
normal velocity j^l^ + < /3 < 5, converges to a round point in finite time. 

Theorem 8.2. For a family of sm.ooth closed strictly convex surfaces Mt in M^, 
flowing according to X = - [\A\'^ + PH"^) v, < p <5, 

(Ai + A2)(Ai-A2)2 
max - 



Mt 2A1A2 

is non-increasing in time. 

Proof. Similarly as above, we obtain for F = \A\'^ + f3H^ 

^H-F'^H.ij=-{\Af)'^ + 2HtiA^+/3\AfH^ 

j^\A\'-F^^{\A\^),^^^=2\A\HvA' 

+ P (4 {\Afy H - 2H^ tr A^^ 
+ p (-m ^ + 4 ^ /lii; khjj; kXk) ■ 
As in the proof of Theorem 3.3, we set 

«} = logif + log (2|A|2-if2) - log {H^-\A\'') 
and obtain in a critical point of w, where /122; 1 = oi/iii; 1 

-r^H.,iH,j = - 2(Ai + PH){1 + aif ■ hj,. , + {...)■ h^^.^, 
-F'i . + {\A\^),^ i?;,) = - 8(Ai + pH){\r + A2ai)(l + ai) • /ifi. ^ 

+ (...)• /l22;25 

A2 2Af + A1A2 + A| 



'■22; 1 



Ai 2Ai + A2A1 + Af 



Villa- 



in a critical point of w, we obtain the evolution equation 



6 2 



F'^HiHi 



2|y4|2 -if2 ^ |^|2 J » 

- ^■(2|A|2-ff2) ^-((i-4n.i^. + (w,i^0 

- 4— - 2pHK 
H 

^ (5Af - 4A[ A2 + 46A6A2 + 48A5a3 + 72Af A^) A2 ^2 
(Ai + A2) (Ai - A2)' (A? + A1A2 + 2Ai)' A? 
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(44Af Ai + 34Af A| + 8AiA| + 3Ai) A2 



(Ai + A2) (Ai - A2)' (Af + A1A2 + 2\lf A? ' 

^ (Af - KiAjA, - GAjA^ - 8A1 - aAj) (A, + A,)^ A2 
(Ai-A2)'(Af + AiA2 + 2A2f A? 

+ {■■■)■ hl2;2- 



For /3 = 5, the factor in front of hfi. ^ equals 



4Ai 



(Ai + A2)(Ai - A2)2 (A? + A1A2 + 2Xlf A? 

• {28X1 + ISSA^Aa + 334Af A^ + 371AtAi + 272A?A^ + 157A?A^ + 54AiA^ + 9A^) . 
Our claim follows. 

In order to sec that the range for /3 is sharp for applying the niaxinium principle, 
we observe that the terms without derivatives of the second fundamental form 
require that /3 > 0. For A2 = 1 and Ai 00, the factor in front of /if ^ behaves 
like — 112Aj~^ for /J = 5 and like — lOAj"^ for /? = 0, so we need the upper bound 
/? < 5. □ 

Lemma 8.3. For a family of smooth dosed strictly convex surfaces Mt C , 
< t < T, flowing according to f^X = -Fv with F = |Ap + /? > 0, 

a positive lower hound on the principal curvatures, Ai, A2 > £ > 0, is preserved 

during the evolution. 

Proof. We proceed similarly as in Lemma 5.3. Dropping the term involving second 
derivatives of F yields 

(^^M,,- - F^'Mij.^u^ >2 {tvA^ + pH\Af) e ~ {\A\^ + pH^) 

=£^ + eA^ + e\^{\ -£)+/?(£-*+ e^X^ + 2eX^) > 0. 

□ 

Similar calculations as before give an upper bound on the velocity for F = 
+ /3i?^ /? > 0. 

Lemma 8.4. The dual function to F = \A\^ + (3H^, (3 > 0, is a-concave for 
a < -2. 

Proof. We have 

2K-{1 + P)H^ 

(^{-2K + 2(1 + I3)H^) h^^ - 2(1 + f3)Hg^^^ , 

^zj, ki ^(^2K - 4(1 + P)H^) h'^hf'^ - {-2K + 2(1 + f3)H^) h'^h^^ 

+4(1 + 0)H (g'^h"' + g'^h'^) - 2(1 + g''') . 
We wish to show for a < —2 and for symmetric matrices (%), that 
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Terms involving 77^2 have the right sign. 

Consider a = —2. Then it suffices to prove the inequahty 



' 6^1 + 6/3^ + 4/3^ 2/3 

2/3 6|+6/3^+4/3^, 



((i+/3)H^-2if) ^ 3 '^^^ _ , 1> 



>3 (2(1 + /3)^ + 2(i\,\ ^ /2(1 + /3)^ + 2/3A2' 
' 1 2(1 + /3)^ + 2/3A J 1 2(1 + /3)^ + 2/3Ai, 



— 2 



2(l+li)^+2[j\2\ ' ( 2(l+/3)^+2/3Ai ) I 2(l+/3)^+2/3A2 



^(^2(l+/3)^+2/3Ai^ (^2(l+/3)^+2/3A2^ (^2(l+/3)^+2/3Ai j 

in order to obtain a-concavity for all a < —2. This inequality is fulfilled, if 

^^^-A -A 



{6A1A2 + /3 (4A? + 12Ai A2 + 4A^) + 0" + 8A1 A2 + AXl) } ( ^ 



, ^2 , 

is positive semi-definite. □ 

We want to derive precise bounds on the principal curvatures. To this end, we 
use (5.1) and (5.2) 

(2 + 4/3) ((2 + 4/3)3(T - t))-^'^ • (l - c • (T - tf'^^') 

<F= \Af +/3H^ 

<Xl + (Ai + |Ai - A2I)' + /3(Ai + (Ai + |Ai - A2I))' 
<(2 + 4/3)Af + c • FV2 . fV4 + c • FV2 

<(2 + 4/3)A? + c • (T - f)-2/3 . ((T - f)i/6 + (T - t)^^^^ . 



We get 



Ai > ((2 + 4/3)3(T - i))-i/3 . + c . (J. _ i)i/i2^ 



and a similar upper bound follows analogously. 
We obtain Theorem 8.1. 

9. trA^-FLOW 

Theorem 9.1. A smooth closed strictly convex surface in M.^, contracting with 
normal velocity tv A^, converges to a round point in finite time. 

Theorem 9.2. For a family of smooth closed strictly convex surfaces Mt in M.^, 
flowing according to X = —tiA'^i', 

(3X1 + 2A1A2 + 3Ai) (Ai - A2)2 
max — 

Mt A1A2 

is non-increasing in time. 

Proof. Calculations as above yield 

. , / {3X1 + 2Ai A2 + 3Ai) (Ai -X2f\ 
"=^°n 2AlA^ 
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^ \^ m- |A|2 J ' 
- F'^H, ij =3 tr A'^H - 2 tr |^|2 _^ 3 J^iX, + Xj)hl. ^ 

=3 tr A^H - 2 tr I A|2 + 3 (2Ai + 2Aiai + 4A2ai) • hl^. 1 

^^\A\--F^^{\A\').^^.=QirA'\A\--A{t.A^f 

- 6 >^lhl, fe + 6 ^ Afc (Ai + Xj)hl. , 
=QtrA^\A\^ - 4 (tr^l^)^ - 6 (A? + Xlal + 2A^a?) • hl^.^ 
+ 6 (2A? + 4A1A20? + 2Aiaf ) • hl^. 1 + (...) • hl^, 2, 
-F'^H,,H,j = - 3A?(1 +ai)2 • hf,. , + {...)■ hl^,^, 
-r^ {\A\^). {\A\^).. = - 12A?(Ai + A2ai)2 • hj,.^ , + {...)■ hl^,^, 

_ A2 9Aj + A2A2 + 3AiAi + 3Ai 

~Ai 9Ai + AiAi + 3A2A2 + 3A? ''''' 

lu.-F-u,-=( ^ 'JL\.(Ih-F-H 

dt"" \-H^ + A{\A\^f H^-\A\^) \dt • 



-if4 + 4p|2)2 m-\A\-^ 

-I 

dV 



-12H 



2 



-if4 + 4(|^|2^2 H^^\A\ 



+ 



-ff4+4(|^|2)2 



2 (Aj - 2AjA2 + ISAj'A^ - 2Xi4 + Aj) A1A2 
~ 3A^ + 2A1A2 + 3Ai 

6A2 

(3A2 + 2AiA2+3A2)(Ai-A2)'A3' 
1 

(3A? + 3A?A2 + AiAi + 9Ai)^ 
• (63AJ2 + 381Aj^A2 - 1389Af A^ + 2883A?A^ + 36Af A^ 
+1218A^A^ + 2294A^A^ + 582Af A^ + 855A^A^ 
+945A?Al + 135A?A^° + 135AiA^^ + 54A^2^ • hf-^. 1 

+ (...)-/li2;2 

<0. 



□ 
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Lemma 9.3. For a family of smooth closed strictly convex surfaces Mt C , 
< t < T , flowing according to -j^X = —Fv with F — tv A°' , a > 2, a positive 
lower bound on the principal curvatures, Xi, X2 > e > 0, is preserved during the 
evolution. 

Proof. We proceed similarly as in Lemma 5.3. Once again, the term involving 
second derivatives of F is non-negative. As before, we obtain 

^Mij - F'^^Mij.ki^ f >atry4"+i£ - atr A^e^ _ tr A^e^ + 2£trA«£ 

=e {a (A"+i - eA") + e"+i + eA") > 0. 

□ 

Similar calculations as in Lemma 5.4, using F + F'^hij — aF^^hfhkj > for 
F = tT , P > 2, yield for some C/3 > 

— (trA^) " < —H < -5- < 

cp^ ' - cfj - tiA^ - P a 

and an estimate as in Lemma 5.4 follows. 

Lemma 9.4. For a > 0, the dual function to F = tr A" = A" + Af is —a-concave. 
Proof. We set $ = — tr A" ■ K^" and have to show that 

for symmetric matrices (%). Direct computations yield that this inequality is 
equivalent to 

- 1)'^-° ( r ) (\ X."- ) ( r ) - £ *;^r-',;. 



J122 




r=0 



2atvA°'K-"-^r]l^ 
AiAo 



Further computations show that this is fulfilled, if 
< 



\a — 2\a \(y.— l\a. — l 

A2 — A2 

Q — 1\Q: — 1 \Q:\Q: — 2 

□ 



2 



Then we proceed as before. Similar calculations as for F = |Ap + (JH"^ give for 
a = 3 

Ai, A2 < (2(1 + a) • (T-t))"iT^ • ( 1 + c- (T-i)3^ 
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and a corresponding lower bound holds. This estimate holds also for F = tiA^, 
a = 2, 3, 4, 5, 6. 

This finishes the proof of Theorem 9.1. 

10. trA"-FLOW 

Theorem 10.1. A smooth closed strictly convex surface in M^, contracting with 
normal velocity tr^'', tr , or tr A^ , converges to a round point in finite time. 

Theorem 10.2. For a family of smooth closed strictly convex surfaces Mt in R^, 
flowing according to X = — trA"+^i/, a = 2, 3, 4, 

(A? + A^)(Ai + A2)(Ai-A2)2 
max — — — — — — 

Mt A1A2 

is non-increasing in time. 

Proof. One might conjecture, that this quantity is also monotone for other values of 
a. For a = 0, corresponding to = \A\'^ , we have already checked that in Theorem 
3.3. Further computations for a = 1, 5, 6, 7 suggest, however, that this quantity is 
not monotone for these values of a. 
We obtain 

^H-F'^H.ij =(a + 2)trA"+3iJ- (a+ l)trA"+2|y4|2 
+ {a + 2)J2 E AIA^'^^.fe, 

r=0 i, j, fe=l 

^\Af -F'^{\A\'^),.. =2{a + 2) tr A^+^m^ - 2(a + 1) tr A"'+^ tr A^ 
-2(a + 2) E K^'hl;k 

i, j, k=l 
a 2 

+ 2(a + 2)E E AIAp-4;,Afe, 

r=0 fe=l 

— tr A" - F'^ (tr A") =a(a + 2) tr A°'+^ tr A"-a(a + l) tr A°'+'^ tr 
dt ^ ',^3 ^ ' 

-a(a + 2)EAr'Ar'-'-Aj4,, 

r=0 



w =loe 



+ a(a + 2)EAIA«-^Ar'4.„ 
(Af + A^)(Ai + A2)(Ai-A2)2 



A1A2 

= log A + log B + log C - log £», 



C \dt "V D\dt 
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\H 2\A\^-m m-\A\^)' \dt ' 









2 


2\A\^-m ' m 




AH 


AH 


H {2\A\'^ - H'^) 




8ff2 


\ 



dt' 

2 ^ 8H^ 



(2|74|2 - iJ2) (^2 _ |^|2)^ 



• F'^H.^H.j 



\{2\A\^-H^f (2|A|2-iJ2)(iJ2_|^|2)^ 
f 1 8H 2 



H{m - |A|2) (2|A|2 - i/2)2 - (2|A|2 - ir2) 



(2m2 - if2) (ij2 _ m2)^ 

Plugging this into a computer algebra program yields 
for a = 2, corresponding to = tr A^, 



' Ai 4A4 + AiAi + A2A2 + AaAf + X\ 
d . . -24Af A^ 



dt (Ai + A2) (A? + A2) 

-4A2 



+ 



(Ai-A2r(Ai + A2)A? (Af + Ai) 
1 



(A| + A?A2 + AfAi + AiA3 + 4A4)^ 
• {llXl^ + 24X\^X2 + 39X1^^X1 - 328APAi + 482APa| 
+192AJ^A^ + 215AJ°A^ + 236A?A^ + 432A?A^ + 200AIA^ 
+173A?A^° + 144Af A^^ + ISSA^A^^ + 32A?A^^ + 21A?A^^ 
+12AiA^^ + 5A^^) -/i^i.i 

+ (...)• /l22;2) 
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for a = 3 (F = ti A^) 

_A2 SAf - 4Af A2 + 2Af Aj + ^ 
' ~ Ai 5A| - 4AiAi + 2AiA? + Af 
d_ . _ ^ _ -4 (2At - 7Af A2 + 12Af Aj - TAiAj + 2A|) Af Aj 
!< w,ij- (A2_AiA2 + A2^ 



2; 
IOA2 



A? (Ai - A2)' (Af + 2A2A2 - 4AiA3 + 5A|)' (Af - A1A2 + A^) 
• {7\\^ - 65\\^X2 + 397Aj^Ai - 1295APAi + 2464APa| 
-2981AlUi + 2645A1°A| - 2007Af A^ + 1510Af A| 
-lOllA^Al + 583A?A^° - 309A?A^^ + ITeA^A^^ _ ji^fA^ 
+23Af A^^ - 5AiA^^ + 3A^<^) • hj^. 1 

+ (•••)■ ''■22; 2) 

and for a = 4 (F = tvA^) 

A2 6Af + A5A2 - SA^Ai + 2A2A| + AiA^ + A^ 



' Ai 6A6 + Api - 3A|A2 + 2A2Af + AaAf + Af 
- _ j^ij . _ -10 (Af - 2A6Ai + 6At A| - 2Af A^ + Aj) Af Aj 
dt"^ ^ (Ai + A2) (Af + A4) 

-6A2 



111; 1, 



+ 



A? (Ai-Asr (Ai + A2) (Af + Af ) 
1 

(Af + Af A2 + 2Af A2 - 3Af A* + AiA| + 6A|)^ 
• (l7Af4 - 124Af3A2 + 218Af2A2 + 646AfU3 - 642Af°A^ 
-2586Aj"A^ + 2536Aj«A^ + 3576Aj^A^ - 2411Af^'A^ 
-2928Af^A^ + 1524Af^A^° + 1724Af^A^^ + 548Af2A^^ 
-276Af - 696Af°A^^ - 8A?A^^ + 499Af A^'^ + 236Af Af 



+146A?Af - 66Af Af - 2Af Af + 46Af A^^ + 48Af A: 
+16AiAf + 7Ar)./.fi^i 



+ (...)• /i22; 2- 

In each case, Sturm's algorithm yields, that the right-hand side is non-positive. □ 
Theorem 10.1 follows. 

11. H\A\'^-Flow 

Theorem 11.1. A smooth closed strictly convex surface in M^, contracting with 
normal velocity converges to a round point in finite time. 

Theorem 11.2. For a family of smooth closed strictly convex surfaces Mt in M.^, 
flowing according to -^X = —H\A\^v, 

(Al+A2)2(Ai-A2)2 

max — — 

Mt 2A1A2 
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is non-increasing in time. 

Proof. We proceed as above. 

, /(Ai + A2)2(Ai-A2)2 
w = log 



:10g 



2A1A2 
i?2_ |^|2 

3X1 + A2 A2 

j^H - F'^H.ij =2H'^tiA^ - H {\A\'^f 

+ 2 ^(Ai + Xj)hu, khjj; fe + 2i7 ^ 4. ;i 

+ 4(Ai + A2ai)(l + ai) • /ifi. 1 + 2H{1 + 3af ) • /ifi. 1 

+ (...)• /l22;2) 



=2(|Ap)^-2|ylp(l + 3a?)./i?i^i 

'll; 1 



+ 8Ai(Ai+A2ai)(l+ai)-/i? 



+ (---)-/i22;2, 

= - \A\\1 + ai)2 . hl^.^ - 2i?Ai(l + ai)2 • /i^^., 

+ (...)• /I22; 2) 

-F^^- + .if;,) =-2^(|^|2 + 2FAfe) (A, + A,)/i,,;fc/i,-,-;fe 

= -4|A|2(Ai+A2ai)(l + ai)-/i?i.i 
- 8iJ(Ai + A2ai)(l + ai)Ai/i?i. 1 

+ (...)• /l|2;2) 



^ ti^;,, l^_if4 + 2|A|2if2 if2_|^|2j l^rfi^ ^ 

+ (-i?4 + 2|A|2F2 +^2_m2) (^l^l'-'f^^'d^l');*,- 

-H^ + 2\A\-^H^ H^-\A\^J^ "■'''^) 
+ -^^ + W^2 {-F^^(i\A\%H.,, + ilAlXH.^^)) 
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2 

4A2 

2 



(A? + 3Ai)' (Ai - A2)2A? 
• (6Af - 39A^A2 + 91A?A2 + Af A^ + 91AfA| + 3A?A| 
+33A?A^ + 3AiA| + 3A|) • /i^i. i 



+ (...)-/l22;2 

<0. 



□ 



Lemma 11.3. For a family of smooth closed strictly convex surfaces Mt C R'^, 
< t < T, flowing according to = —Fv with F = -ffl^p, a positive lower 
bound on the principal curvatures, Xi, X2 > e > 0, is preserved during the evolution. 

Proof. We proceed similarly as in Lemma 5.3 and compute 

F''^' "^'hkl- ihrs; 1 =(6Al + 2A2) • 1 + 4(Al + A2) • /ill; lh22- 1 

+ 4(Ai + A2) • /if 1. 2 + (2Ai + 6A2) • /ii2; 1 > 0, 

- AHlAfh^hkjC^' + 2eH\AfhijC^' 
=s^ + 3£A^ > 0. 

□ 

Similar calculations as in Lemma 5.4 using F + F^^hij - aF'^h^hkj > for 
F = H\A\^ give 

a [{\Af)^ + 2/7 trA^) <AH\Af, 

UH\A\'f'<hH<^-§4 
and an estimate as in Lemma 5.4 follows. 
Lemma 11.4. The dual function to F = is —3-concave. 

Proof. We set $ = -H\A\^K~^ and want to prove that 

We compute 

- \A\^K-^g'3 - 2HK~^h'^ + 3H\A\^K-^h'\ 

fei = _ 2K-^ {g'^h''^ + h'^g^^) + 3\A\^K-'^ {g'^h^^ + h'^ g^''^ 
+ 6HK-^ (/i'^/i'=' + /i'^/i*') 

- 2HK-^g'^g^'- - 9H\A\'^K-^h'^¥'- - 3H\AfK-^h'''h^^. 
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We have to check that 



— + — 

Ai ^ A2 

A2 A2 



< - 




. A1A2 Af / \ " A 



2A2+AiA2 + ^j (^2A2 + AiA2 + ^j •(^2A?+AiA2 + ^j 

3 ^2A^+AiA2+^)-(2A?+AiA2 + ^) (^2A?+Ai A2 + ^) ' 



This is equivalent to 



< {2X{ + fXlX, + fXlXl + fX.Xl + 2Xt) ^ 



□ 



Calculations as before show that 
(16(T-i))-V4. (i-c-{T- < Ai, A2 < (16(T-t))-i/^- (1 + c • (T - t)^^) . 

This finishes the proof of Theorem 11.1. 

12. |A|^-Flow 

Theorem 12.1. A smooth closed strictly convex surface in M.^ , contracting with 
normal velocity \Af , converges to a round point in finite time. 



Theorem 12.2. For a family of smooth closed strictly convex surfaces Mt in 
A 

{X\ + 2A?A2 + 4A2A2 + 2AiAi + A^) (Ai - Aa)^ 



flowing according to -iX = — ly = — 



max - 



Mt (Ai + A2)AiA2 

is non-increasing in time. 

Proof. We calculate 



. , /(Al + 2A?A2 + 4A2Ai + 2AiAi + A|)(Ai-A2)2^ 
w =log I 



= log 



(Ai + A2)AiA2 
-H^ + 2\A\'^H'^ - {\A\'^)^ + 2 (lAl' 



m - |A|2iJ 



+ 8 ^ X^Xjhii- khjj. k + 4|A|2 J2 hij. 



^\Af - .. =2 {\A\'')\vA^ + l&Y,XiX^Xkhii;khjr,k, 
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dt \-n^ + 2\A\^H^-{\A\^fn-^ + 2{\A\^f m-\A\'^Hj 

dt ''^ 



+ 



+ 



+ 



2H^ -2\A\'^H^ + 6{\A\^y -H \ 

-H^ + 2\A\'^H'^-{\A\'^fH'^ + 2{\A\'^f ~ - WH ) ' 

/ -30fl'^ + 24|A|2ir2_2(|^|2)2 N 

\-m + 2\A\-^m - {\A\-^f + 2{\A\^f ~ 'W^^Wh J ' 

{-F'^H,iH,j) 

-2i?2 + 12|^|2 

+ 2\A\'2H^ - (|A|2)2 il2 + 2 (|A|2)^ ' 

( %H^-A\A\'^H -1 \ 



\-H^ + 2\A\'^H'^ - {\A\'^f H'^ + 2{\A\'^f - \A\'^H ^ 

.{-F'i{H,i{\A\^).. + H,,{\A\^).)). 

We use a computer algebra program and obtain 

_A2 4Af + 9Af Aa + llAf A2 + IQAfA^ + 2A2A| + SAiAj + 
^ A\l + 9AiA| + llAfAl + 10A?A3 + 2Al A^ + 3Af Aa + A? ' ^' 
d _ . -12 (3A2 + 4A1A2 + 3A2) (A? + A^) AfAf 



dt '''' (Ai + A2)(A4 + 2A3A2 + 4A2A2+2AiA^ + A4) 

-4A2 



+ 



(Af + 2A3A2 + 4Af Ai + 2AiA3 + Af ) (Ai - A2)' (Ai + A2)A? 

1 

(Af + 3Af A2 + 2A4A2 + lOAfAl + llAfA^ + OAiA^ + 4A6)^ 
• (UAf + 90A^iA2 - 113Af Ai - 840A}^Ai - 1507A}*A^ 
+66AJ^A^ + 7465Af A^ + 23136Ai^A^ + 45494Ai^Af 
+70100APa| + 84982APA^° + 85120AJ^A^^ + 70882A1°A^^ 
+52148A?A2^ + 33938A?A2^ + 20928AIA2^ + 11263Af Aa'^ 
+5490Af A^^ + 2363Af A^* + 744Af A^'' + 193A?Ai° 
+42AiAi^ + 5Af ) • /i^i.i 

+ (...)• /li2; 2- 

We apply Sturm's algorithm and obtain that the right-hand side is non-positive. □ 

Lemma 12.3. For a family of smooth closed strictly convex surfaces Mf C K'^, 
< <: < T, flowing according to -^X = —Fv with F = \A\'^ , a positive lower bound 
on the principal curvatures, Ai, A2 > e > 0, is preserved during the evolution. 
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Proof. The term involving second derivatives of F is non-negative, so we have 

=\Afe (A^ + 3A2(A -e)+ s^) > 0. 

□ 



F = \Af give 



Similar calculations as in Lemma 5.4 using F + F^^hij — aF^^hfhkj > for 

5\A\^ - iatrA^ >0, 
vA^ 5 



and an estimate as in Lemma 5.4 follows. 

The following lemma implies that the dual function to F = is — 4-concave. 

Lemma 12.4. // the dual function to F is a-concave for some a < 0, then the 
dual function to F^^ is a ■ ^-concave for /3 > 0. 

Proof. We use similar notation as before. Assume that 

a{-G) 

We have to show for $ = — 

ap's 

Direct calculations yield 

< - P^G"-' (G'^vij)' - I3{P - l)^^-' {G'^Vijf 

□ 

Calculations as before show that 

Ai , A2 < (20(T - . (l + c • (T - . 

A corresponding lower estimate is also true. Theorem 12.1 follows. 
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13. Convergence Rate 



In order to find out what the optimal convergence rate might be, we consider 
the evolution eqution 



dt 



\A\''u + 2X, 



that appropriately rescaled solutions of -^X = — fulfill. As in [29, Appendix], 
we represent the surfaces Mt as graphs over the sphere with embeddings 

3 X X ■ u{x), 

where u : — > Let (cry ) be the standard metric on the sphere and (cr*^ ) its 
inverse. Then we get as in [29], using indices to denote covariant derivatives on 



1 u 



hij 
du 

at 



uw 



where (p = logu, 

where w = y^l + ifia^^tpj, 



= - \A\'^w + 2u. 



We linearize our equation around the stationary solution u ■ 
Then 



1 and take u= 1 + ev. 



ds^ 
d 
de 
d_ 

de'''' 



=0, 



e=0 



9iJ 



=2vui. 



£=0 



£=0 



So the linearized equation becomes 

dv 
di 



= 2Av + 6v. 



There are spherical harmonics u solving Au = —l{l + l)u for I G N [26]. We do not 
need to consider Z = as a corresponding eigenfunction is positive (or negative) 
everywhere. Thus the resulting surface does not contract to a point for f | T in 
the unrescaled setting. Similarly, we can exclude I = 1 as the respective eigenfunc- 
tions correspond to translations and translated surfaces converge to infinity in the 
rescaled setting. 

Using the ansatz cigcnfimction multiplied with e^'*'*, wc get A = 2l{l + 1) — 6. 
This is positive for / = 2, A = 6. So we should not expect a convergence rate better 
than ))X) — 1) < c • e~^* after rescaling, corresponding to estimates like 



< (6(T-t))i/3. (i + c- (T-t)). 



Here, we have assumed that q{t) = 0. 

We can still improve our convergence rate by considering 



max 



(Af + Ai)^(Ai 



4AfAi 



= max 

Mt 



{2\A\'-H'){\A\')' _ 

— — = max-w. 

{m - \A\^f Mt 
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Under the flow equation -^X = —\A\'^v, we obtain, using calculations as above, 
that w fulfills in a critical point of w 

- r^W.ij = i>^l + ^2) (5^9 _ 3^8^ _ g^7^2 

dt (Af-AiA2 + 2AifAfA2 ^ 

-20Af A| + SA^A^ + 6A?A^ - 2A?A^ - AiA^ + 3A^) • hf^. ^ 

22; 2 



+ {...)-h? 



<0. 

This implies convergence rates like 

r+ < (6(T - .(l + c-{T- 

similar to [12], where the author also has a scaling invariant upper bound for |Ai — 
Aa]. As there are no negative constant terms left for this choice of w, it might be, 
that there is no monotone quantity as studied in this paper, that allows to improve 
this convergence rate. 
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